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ABSTRACT

It has been known since the time of Galileo that the choice of a frame of reference against
which to array physical motion has a profound effect on the apparent trajectories of objects. Changes
from one coordinate system to another ("Galilean transformations™) are well known in the study of
physical motion, and consist entirely of rotations and translations.

Modern multidimensional scaling representations of attitudes and beliefs share with
measurements of physical motions the idea of projécting "objects” (in one case physical and in the other
psychological) on a mathematical coordinate system which serves as a frame of reference for locating
those objects. When attitudes and beliefs change, their measured location on multidimensional scaling
coordinate systems also changes. These apparent motions, like their physical counterparts, are only
defined up to arbitrary rotations and transiations, so that repeated measures multidimensional scaling of
changing attitude and belief structures actually vields an infinite set of potential trajectories.

Determination of which of this infimite family of apparent trajectories is optimal in any case
depends on theoretical considerations. Psychometricians have considered the mathematical issues
which underlie such "Procrustes” transformations, but have not addressed the role of theoretical
constraints necessary to establish appropriate reference frames for describing temporal processes. In
the present paper, a simple case of physical motion (the moving of clock hands against the face of a
clock) is analyzed by repeated measures muitidimensional scaling procedures. The paper shows that
standard multidimensional scaling procedures in everyday use are unable to describe this simple
process. It then shows simple modifications which make it possible to generate the "correct" solution.



The Problem

It has been known since the time of Galileo that the choice of a frame of reference
against which to array physical motion has a profound effect on the apparent trajectories of objects. In
a now classic example, Einstein describes how a ball dropped by an observer on a train will appear to
that observer to fall in a straight line to the floor of the train, but the same ball will appear to fall in a
parabola to an observer on an embankment next to the track. It is also well known that the two
apparently different observations can be reconciled by translating one or the other observation to the
coordinate reference frame of the other, or by translating both to a third common frame.

In the example of the moving train, the appropriate transformation is a simple linear translation,
. If one of the reference frames is in rotational motion relative to the other (if, for example, the ball is
dropped by an observer on the earth and observed by another person on a carousel) the transformation
required will be a rotation of coordinate axes. In a more complicated case, the rotating coordinate
system may also be moving linearly relative to the second observer, and a combination of rotation and
translation will be required to reconcile the observations. In any case, transformations from one
reference frame to another can always be accomplished by a combination of rotation and translation,
even though these may sometimes be very complicated functions. (Relativistic effects are not
considered in the present paper.) -

Although these transformations are routinely accomphshed in everyday physical analysis, they
are seldom considered in the measurement of cognitive processes, even though they are equally
pertinent in the realm of cognition. Constder, for example, recent changes in Eastern Europe and the
Soviet Union. People who only a short while ago represented the main stream of Socalist belief were
considered "leftists” in the Western press, but are now referred to in the world press as "conservatives”
representing the "right" wing of socialist opinion. Clearly they are in a different relative cognitive
"place" than they once were, but who has changed? Is it appropriate to say they have moved from the
center position, or is it more accurate to say the center has moved away from them? The situation
appears even more chaotic if we consider that the "center" of Eastern Block opinion got to the "left" of
the conservatives by moving toward a free market economy which would ordinarily have been
considered a position to the political "right" of socialism. Apparently, the reference frame aguainst
which political positions are assessed has itself been shifting, which makes a precise assessment of
relative changes problematic and subjectivé.

Muitidimensional Scaling Coordinates as Frames of Reference



There is always room to argue about a verbal and intuitive description of cognitive processes
like those just discussed, and another interpretefs' judgment aboui the changing belief structure in
Europe has at least as much validity as that of these authors. A mathematical model, however, can
illustrate the difficulty in a less ambiguous light:

Consider a clock face marked at the 12, 3, 6, and 9 o'clock positions. Each marker is
positioned 100 units from the central pivot of the clock face. The clock has a second hand one hundred
units long, a minute hand 80 units long, and an hour hand 60 units long. The center pivot, the end point
of each hand, and the four hour markers make eight points whose mterpoint distances at 12:00 are
given in Table One.

Table 1 shows the distances among the eight points which define the clock face (the pivot, the

Table K Distances AmonE Features on a Clockface Over Time

Table 1: Distances Among Points on as Clock

Time = 12:00:00

Pivot Second Minute Hour 12 3 o 9
Pivot .00 100.00 80.00 60.00 100.00 100.00 100.00 100.00
Second 100.00 .00 20.00 40.00 .00 141,42 200.00 141.42
Minute 80.00 20.00 .00 20.00 20.00 128.06 180.00 128.06
Hour 60.00 40.00 20.00 .00 40.00 116.62 160.00 116.62
12 100.00 .00 20.00 40.00 .00 141.42 200.00 141.42
3 100.00 141.42 128.06 116.62 141.42 .00 141.42 200.00
6 100.00 200.00 180.00 160.00 200.00 141.42 .00 141.42
9 100.00 141.42 128.06 116.62 141.42 200.00 141.42 .00

Time = 12:07:18

Pivot Second Minute Hour 12 3 6 9
Pivot .00 100.00- 80.00 60,00 100.00 100.00 100.00 100.00
Second 100.00 .00 97.14 128.74 161.80 31.29 117.56 197.54
Minute 80.00 97.14 .00 51.60 69.66 72.98 167.18 165.75
Hour 60.00 128.74 51.60 .00 40,30 113.30 159.92 119.85
12 100.00 161.80 692.66 40.30 .00 141.42 200.00 141.42
3 100.00 31.29 72.98 113.30 141.42 .00 141.42 200.00
6 160.00 117.56 167.18 159.92 200.00 141.42 .00 141.42

9 100.00 197.54 165.75 119.85 141.42 200.00 141.42 .00




end points of the second, minute and hour hands, and the four hour markers 12, 3, 6, and 9) at 12:00
and at 12:07:18 (7.3 minutes’ later).

Because we share a common cultural understanding of what a clock is and how it works, the
trajectories represented by these two distance matrices seem fairly simple: The end point of the second
hand will have travelled 7.3 times clockwise around the clock face, and will stand at an angle of .3(360)
= 108" from the vertical, while the minute hand will have moved 7.3(360/60) = 43.8" clockwise, and
the hour hand will have moved 7.3(360/(60X12)) = 3.65°. The pivot and the four hour markers, of
course, will not have moved at all. :

As simple as this seems, it masks a very complicated Galilean transformation that we have
learned to perform subliminally, and which depends on a culturally embedded "theory of clock motion"
which guides our analysis of the raw observations beneath awareness. The raw data as given in the two
distance matrices in Table 1 could just as easily bear other interpretations. Among these, for example, is
the notion that the second hand moved 108-3.65 = 104.35 degrees clockwise, the minute hand moved
43.8 - 3.65 = 40.15 degrees clockwise, the hour hand remained motionless, and the clock face itself
rotated 3.65 degrees counterclockwise. Even this simple alternative, however, as well as all the other
possible rotations we might consider, rests on the greatly simplifying assumption, drawn from our
subliminal clock motion theory, that the pivot has remained motionless.

Theory-Free Analysis :

| The importance of these considerations becomes clear when we attempt to describe processes
in domains about which we know little or nothing; that is, domains for which, unlike our clock, we do
not have an implicit theory of motion to guide cur choice of rotation and translation strategies. In such
cases, we do not have a conventionaily agreed upon reference frame against which to project changes.
This 1s precisely the kind of situation we would face if we measured the political positions of eight
persons (or countries) relative to each other at two points in time. The resuits (ignoning uncertainties of
measurement) of such measurements would be two 8X8 matrices identical in form to those describing
the revolving clock hands. But, in the absence of any theory which defines a "preferred” frame of
reference, there is no way to choose among the infinity of possible sets of trajectories describing the
changes in the matrices over time.

! The reason for using a fractional interval, i.e, 7.3 minutes, is to assure that the second hand does
not always point to the "12" marker.



Table 2 provides the results of a typical multidimensional scaling (MDS) analysis of the
distance matrices shown in Table 1. The data were analyzed using the normal solution provided by the
Galileo Version 5.4 computer program at the University of Buffalo (Woelfel & Fink, 1980). In its
default configuration, Galileo calculates the principle axes of the centroid scalar products of the original
distance matrices as described by Torgerson (1958). This solution is a simple linear transformation of
the distances to their principle axes, so that the original metric is preserved in the solution. It should be
noted, however, that the original distance matrices describe two dimensional physical distances, which
meet the triangle inequality constraints, and so virtually any multidimensional scaling program, metric
or nonmetric, would produce an equivalent solation up to a scaling constant for these data (Woelfel &
Barmnett, 1982). (Any program which normalized the data to z-scores, such as a common factor |
analysis, or provided any other non-linear renormalization would produce a distorted result which
would further complicate efforts to identify the underlying temporal process. )’

Table Error! Main Document Only. Coordinates of Clock Features at Two Points in Time
Coordinates of Clock Features at Two Points in Time

Time 12:00 12:07:18

Feature Dim T Dim I Dim I Dim T
Pivot 30,0 0.0 134 17.6
Second Hand 700 0.0 862 8.1
Minute Hand 00 0.0 144 574
Hour Hand 300 0.0 33.7 388
12 270.0 0.0 532 741
3 300 -100.0 . 78.4 222



6 130.0 0.0 -26.5 109.3

30.0 100.0 105.1 57.5

z KYST offers two approaches to ways to handle multipile

datasets like that which describes time on the face of the clock.
They may be analyzed independently, one at a time, or they may be
combined into a single data set and then scaled. Both allow for
the use of some of the known information about the configuration.
In this case, we know that the points will be arrayved in a two
dimensional, Euclidean configuration. The method does not taken
into account that the individual data sets are consecutive nor does
it use the knowledge of the differences between the locations of
the points between each consecutive space.

Table A presents the two-dimensional coordinates of the clock
face at 12 o'clock. Points 3, 6, 9 and 12 are not an equal distant
from the pivot point. 12 is 1.1467 units from the pivot. 3 is
1.3367, 6 is 1.1467 and 9 is 1.2417. The difference between the
closest and farthest points is 17.4%. Also, the angles created by
these points are not 180 degrees. The 12, pivot, 6 angle is 172.4
degrees, an error of 7.6 degrees. The 3, pivot, 9 angle is 173.3
degrees, an error of 6.7 degrees. Thus, KYST is unable to even
provide an accurate description of the clock face at a single peint
in time. It should be noted that the stress (a measure of the
quality of the solution} was very small, .006, so that a reasonable
analyst using conventional criteria would be led to consider this
an excellent scolution in spite of these errors.

Table A

COORDINATES OF CLOCK FACE FRCM KYST—-SINGLE DATA PQOINT

DIMENSTON

POINT 1 2

1. Pivot .433 -.040
2. Second Hand -.790 .025
3. Minute Hand -.661 .097
4, Hour Hand -.551 : .029
5. 12 -.776 .038
6. 3 .510 1.186
7. 6 1.619 ~-.119
8. 9 : 219 -1.215



Table II Coordinates of Clock Features at Two Poinis in Time
Coordinates of Clock Features at Two Points in Time

Stress Time -006 12:00 12:07:18

Feature : Dim I Dim IT Dim I Dim I

Table B provides the two-dimensignal coordinates of the clock
- face P¥PEL al1 eight poinggoin time coffined. Thd3#&tress was]3§§4
Again, 3, 6, 9 and 12 are not equally distant from the pivot point
and the angles created by these points do not equal 180 degrees. 3
is 15ecopdHiands from the-YiS)iQrot point. & is 1.228486D is 1.1948.kng
12 is 1.186. The difference between the closest and farthest point
is 3.5%. _The 12, pivot, 6 angle is 176.6 degrees, an error of 3.4
degrdiguigdlindhe 3, pivot 09 angle is OF.2 degreedddan error of-4.8
degrees.

Hour Hand -30.0 0.0 337 -38.8
TABLEZB -70.0 , 00 532 -74.1
COORDINATES OF CLOCK FACE FRCM KYST--ALL DATA COMBINED

3 300 -100.0 -784 222

DIMENSION )
POINT 1 2 .
1. PoHvot -173130.0 .022 00 ~26.5 109.3
2. Second Hand .197 . 801
3. Minute Hand .001 -.730
4. Hour Hand -.666300 —.020 1000 105.1 575
5. 13 -.988 -.730
6. 3 -.819 .918
7. 6 1.175 .580
8. 9 .926 -.865
Stress .234

The clock face was also analyzed using ALSCAL. The minimum
and maximum number of dimensions for the final solution was set at
2. The results indicate that the procedure provides a more precise
solution than KYST. Fach individual time was approximately
correct. However, the method provides no indication of the
difference in time between each of the adjacent points in time. It
only provides a two-dimensional configuration for each separate
clock face.



As Table Two shows, a normal multidimensional scaling analysis hopelessly obscures the
"simple" motions underlying these two matrices. As a first indication of this confusion, points 1, 5, 6, 7,
and 8, which represent respectively the pivot, and the 12, 3, 6, and 9 markers on the face, do not move
at all in our "normal” clock motion reference frame, and should be identical across the interval. In Table
2, however, they differ substantially from time to time.

Plotting the eight features of the clock face for the first time period (12:00) yields a picture of
the clock face at 12:00. Since the scaling algorithm knows nothing of "clock theory", it does not know
the preferred orientation for clocks, and places the twelve o'clock marker at the left of the horizontal
axis and the six o'clock marker at the right of the horizontal axis. It also produces a mirror image of a
typical clock face, by placing the three o'clock marker at the bottom of the plot and the six o'clock
marker at the top. Nor does the program place the pivot at the center of the plot, but rather, as is nearly
universal in MDS programs of whatever type, places the origin at the geometric center of the set of
eight points, thirty units to the left of the pivot. (These results are presented graphically in Figure 1.)

(Figure 1 about here)

This representation, aithough different from standard clock presentation practice, really
presents no serious problem to the analyst, and it is likely that careful scrutiny of the plot would lead
most analysts to recognize the off center mirror image as the face of a clock. The problem occurs when
the second instant (12:07:18) is analyzed. Once again, the scaling algorithm has no knowledge of
impticit clock theory, so it once again chooses its own reference frame in which to array the data. It
might be appropriate to say that the algorithm chooses this reference frame on the basis of an implicit
"multidimensional scaling theory." Although there are variants in implicit MDS theory, the most
common model places the origin of the coordinate axes at the geometric center of the points, and
arrays the coordinates so that the sum of squares of the projections (coordinates) on the horizontal
dimension are maximized, and the successive dimensions maximize the residual sum of squares
(Bamett & Woelfel, 1979).

As a result of the motion of the clock hands, the geometric center of the eight features of the
clock face has shifted across the two time periods, so the pivot appears to have moved . The hour
markers (which have "actually” remained at rest) appear to have rotated substantially from their
posittons at 12:00, and the second hand, which moved the largest distance, seems to have moved the
least. Examination of Figure 2, which plots both the first and second time points superimposed on the
same coordinates, shows a picture in which each of the eight features of the clock face have moved
quite substantially -- so much so that most analysts would have little chance of inferring the underlying
simple motion.



(Figure 2 about here.)

The importance of this example can be made clear by noting that it is a common practice for
analysts to compare the results of MDS analyses performed and published by different authors on
different samples taken at different fimes, often with different item sets. The present example shows
that such comparisons can be completely misleading, since even very small changes in the configuration
of the data can lead to huge artifactual differences in the orientations of the resuiting coordinates.

Adding additional time periods does not ameliorate the situation. Figure 3 shows the results of
scaling ten periods of 7.3 minute intervals via ALSCAL. Careful scrutiny of Figure 3 reveals occasional
reflections and substantial shifts of "stable” objects, and generally produces an incoherent picture which

| gives the impression of very substantial and unsystematic change over time. Figure 4 plots the apparent
positions of only the pivot marker across the ten time periods. While a "correct” solution would show
no movement at all, the marker appears to move widely across the entire configuration.
(Figures 3 and 4 about here.)

Although psychometricians have considered the problem of comparison of multiple MDS
spaces from a mathematical point of view for several decades, ordinary "Procrustes” rotations of the
type found in the literature will not solve this problem. Several writers have recognized the problems of
arbitrary orientation in repeated measures multidimensional scaling, and proposed various algerithms
for rotating multiple datasets to "best fit" one on the other (CHhff, 1966; Lissetz, et. al., 1976.) Although
the specific a]gorithm by which this is accomplished vanes, in general all procedures involve rotating
one or more sets of MDS coordinates about their origin until some measure (typically a least-squares
criterion) of the global difference between them is minimized. Some prooédur&s include a provision for
change of scale, which allows the stretching and shrinking of one or more of the MDS spaces albng
with the rotation’. :

Table 3 presents the results for the first two time periods of a typical Procrustes rotation of the
coordinates in Table 2. Coordinate axes each of the configurations were rotated to least squares best fit
against the coordinates of the preceding configuration using Galileo Version 5.4. Once again, since the

* Such "three-way" solitions as are available (such as Tucker's three-mode factor analysis and
Carroll and Chang's INDSCAL model) are mappropnate to the reference frame model at hand not so
much because they are atheoretical, but rather because they mcorporate a theory which cannot be made
to fit to the process implicit in the clock example. These models assume that there is a "common" or
"joint space", and that each individual space differs from the joint space in a definable way. Thus, three
way models typically provide the coordinates of the joint space, along with parameters which relate
each of the individual spaces to the joint space (Woelfel and Danes, 1980).
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data are Euclidean and exacily two dimensional, no significantly different results would be likely
regardless of the software used. Moreover, in the metric, Euclidean data set included in this paper, the
Galileo rotation procedure produces results identical to the algonthm provided by Lissitz, et. al, which
is the classical form of Procrustes rotation known to psychometrics. No change of scale was included,
since the fully metric data in the example maintained their scale exactly, and no expansion or dilation of
metric could improve the fit in any case.
Table 11 Coordinates of 12:07:18 Data After Ordinary Least Squares Procrustes Rotation
Table 3: Coordinates of 12:07:18 Data After Ordinary Least Squares

Procrustes Rotation
Feature Dim1 Dim II
Pivot 1438 16.5
Second Hand 24.4 -83.0
Minute Hand -53.6 - =251
Hour Hand : -44.5 25.7
12 -82.8 33.1
3 -6.9 -81.9
6 112.4 Y

9 ' 36.4 114.1

The results of this analysis are presented in Table 3. There is no difference, of course, in the
coordinates of the 12:00:00 data, since they served as the "target" for the rotation and are therefore
unaffected. The coordinates of the 12:07:18 data, on the other hand, have changed considerably from
their unrotated values. Once again, in a "correct” solution, pomts 1, 5, 6, 7, and 8 should show no
change whatever, but again they show substantial change.

Plotting these data shows that they still do not reveal the simple underlying clock hands
motion. What they show instead is a slight motion of every feature of the clock face. Once again,
adding additional time periods does not alleviate the situation. Figure 5 shows the results of an ordinary
Procrustes rotation of ten time periods, each representing an interval of 7.3 minutes.

(Figure 5 about here.)
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The ordinary Procrustes rotation in Figure 5 results in a marginal improvement over the
unrotated data in Figures 2 through 4, since reflections of coordinate axes are eliminated. Nevertheless,
the artifactual motions generated by the inappropriate choice of a coordinate reference frame obscure
the simple rotary motions very substantially. Figure 6 shows the apparent migration of the pivot marker
over the ten time periods, and once again substantial "psendo” motion is apparent in a point which
should remain completely stable.*

(Figure 6 about here.)
Theory Guided Multidimensional Scaling Analysis:

When ordinary individuals look repeatedly at a clock, they subliminally constrain their
observations by sefting certain values consistent with values given by their implicit theory of clock
motion. In the case of clock motion, these constraints are simply that the net motion of the central
pivot and hour markers be set to zero, so that all apparent change is attributed to the motion of the
hands of the clock. Once this theory has been made explicit, it can be applied as well to the
multidimensional scaling solutton. In the Galileo program, this is easily accomplished in two equivalent
ways: one may specify any subset of the objects set as "free”, or, altemnatively, the remaining set may be
set as "stable." (Which option is chosen is a mafter of convenience.) Whichever option is chosen, the
program resets the origin of the coordinate system to the geometric center of the "stable" set, and
rotates all the objects in both sets about this new origin until the sum of squared distances among only
the stable set is minimized. Although the "fiee” objects are transformed by the same rotation as the
stable concepts, the discrepancies between their positions at one time and the next are not taken into
account in establishing the least squares minimum. The program thus does not attempt to find a global
minimum distance between two sets of data, but a mimimum subject to the constraints imposed by the
theory. (Woelfel and Fink, 1980; Woelfel et al., 1989). ‘

* It is significant that the apparent motion of the pivot exhibits the same epicyclic motion shown by
the planets in a geocentric model of the solar system, perhaps the most well known iltustration of an
inopportune choice of reference frame in human history.
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Table 4 shows the results of applying these constraints to the Galileo soltion for the clock data
in Table 1. Since the algorithm still has no information about the preferred orientation of cldcks, it still
produces a sideways, mimror image of a clock, and on this mirror image, hand motion is
counterclockwise. In all other respects, however, the program "correctly” identifies the motions
implicit in Table 1 as the motions of the hands of a clock against a fixed clock face.’ Figure 7 shows the
results of carrying out the same operations beginning with 12:00:00 for ten time points at 7.3 minute
intervals. As Flgure 7° shows, the result is a fixed clock face around which the hands move
appropriately.

(Figure 7 about here.)

Although the pattern of theoretical constraints applied to the Galileo solution in the present
example was able to produce a solution in which clock hands moved lawfully relative to a stable clock
face, one must not assume that this is a simple consequence of "self fulfiling prophecy." It is not the

Table EV Coordinates of Clock Features at Two Points in Time Under Theoretical Constraints
Coordinates of Clock Features at Two Points in Time

Time 12:00 12:07:18

Feature DimI Dim 1T Dun I Dim I1
Pivot | 0.0 0.0 - 0.0 0.1
Second Hand -100.0 00 31.8 948
Minute Hand | -80.0 0.0 572 -55.9
Hour Hand - -60.0 0.0 5938 44

’ Ccﬁstrmnts as to the preferred Btatlon of the soffion can easily B% gntered into the Gghleo
program in the form of a "target" matrix; although this has not been done in the present paper.

S Nage that the mark at (-100,0) dgggnot repr&sem]go'gtroneous locationcof the end popgoad the
minute hand, but rather is the (correct) superposition of the "12" marker and the end point of the
second hand at 12:00.

6 100.0 0.0 100.0 9

9 0.0 100.0 -9 100.0
13



case that the result can be made to come out any way one likes by applying appropriate theoretical
constraints. If the objects chosen as part of the stable set have indeed moved relative to each other,
stipulating them as fixed objects will not hold them fixed, but merely as nearly stable as possible. If
they have moved a great deal relative to each other, then a solution which tries to hold them fixed will
not be able to prevent them from exhibiting a great deal of relative motion. In fact, had the clock hands
been designated as stable concepts in the present example, the solution would not have been able to
hold them fixed. Only if the theory from which the constraints have been taken is "correct” — that is, if
it is a possible interpretation of the relative interpoint motions — will the Galileo program confirm its
predictions. (The same process takes place when ordinary observers look at a clock periodically. Their
first effort is to apply the subliminal theory of clock motion to the repeated observations. But if the
clock has fallen, or if one or more of the hour markers has come loose, the simple clock motion theory
will not fit the observations, and the observer will have to select another theory to make sense of the
observed pattern.) '

Conclusions and Implications

The results of the example provide ample evidence that reference frame effects must be
considered in the description of processes, whether physical, psychological or cultural. Moreover, even
in very simple processes, the effects of artifactual orientation effects of multidimensional scaling
solutions can be of the same order of magnitude as the effects of the actual processes themselves.

Ordinary Procrustes transformations frequently recommended and applied to comparative
MDS studies are not able to resolve the problems of artifactual orientations, and even after the
application of Procrustes rotations, artifactual effects of orientation can still be as large as the effects of
the processes themselves. These considerations apply not only to processes, but to any case in which
two or more MDS solutions are to be compared.

No "automatic” procedure appears likely to be able to resolve these problems. Rather
appropriate choices of reference frames for arraying processes appears to depend on theoretical and
conventional choices. Some theory or conventional agreement which fixes stable points of reference for
anchoring multiple reference frames is required to establish an appropriate orientation scheme which
renders comparisons from one frame to another meaningful.

Assuming appropriate theoretical or conventional stable reference points can be identified, not
all MDS software allows simple application of such procedures. The Galileo program has the capacity
for easy control of reference systems for process data.
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