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W'7 11e r ~ u r ~ i e r c ~ u ~  M u 1  t l o l m e r ~ s l c ~ r t a l  Seal l n q  F 4 r o c e a u r e s  h a v e  beer1 

d e v e l o o e d  over-  t h e  p a s t  s e v e r a l  y e a r s ,  a1 l o f  theril s h a r e  a cortir~lor~ 

assurno t  lon: t h a t  e a c h  c ~ f  t h ~  C t D J e c t s  o r  "st inw.tll" t o  b e  s c a l e d  rilay 

be r e p r e s e n t e d  as a p~zt int  I n  s o a c e .  Whl ie  a r f f e r e n t  wnrKers  h a v e  

pt-esentect a v a r l e t  y  of assurnpt lor15 a n o u t  t m  t o p ~ l ~ g i c a l  

properties o f  t n e  soace, few h a v e  q u e s t r o n e d  t h e  assurnmlor t  a b o u t  

t h e  p o l n t - 1 1  k e  c h a r a c t e r  of t h e  st I rnull themselves. 

However cornrnon t h 1 s assurflot lor1 rnay, be, ~t 1 s n e l  t h e r  n e c e s s a r y  

n o r  e v e n  compel  1 l n g  l n  many c l r c u r n s t a n c e s .  I n  t h e  classical 

e x a m p l e  of s c a i i n q  c o l o r  terms, f o r  e x a m p i e ,  ~t 1s c l e a r l y  

l n a p p r o p r i a t e  tct r e p r e s e n t  t n e  r a n g e  of the s ~ e c t  rum d e n o t e d  by 

t h e  E n g l i s h  terms " y e l l o w "  or " b l u e "  a s  p o i n t s ,  s l n c e  lt 1s w e l l  

known that  t h e s e  terms refer t o  a l ine - - segment  CWI t h e  color 

s p e c t r u m .  S i m i l a r l y ,  i n  a p o l i t  i c a i  s c a l i n g  e x e r c i s e ,  terms s u c h  

a s  " t h e  D e m o c r a t i c  P a r t y "  rnignt w e i l  b e  t h o u g h t  o f  a s  s p a n n i n g  

some non- -ze ro  d i s t a n c e  a i o n g ,  f o r  e x a r n ~ l e ,  a i i b e r a  i - c o m e r v a t  i v e  

c o n t  inuurt~. For t h e  c a 5 e  i n  wnicn st i r n u i i  of t n i s  k. lnb a r e  

d i s p l a y e d  a i u n g  m u l t  i p i e  d i m e n s i o n s ,  t n e  sets  o f  l l n e - s e p r n e n t s  

t h a t  c o r r e s p c w ~ u  t c* t n e  cocwd l r ~ a t e s  clrr t n e s e  a  l r t i ens ions  w i  11 

g e n e r a l  l y  i n t e r s e c t  t o  form r e g  i o n s  t h a t  d i s t  i n o u i s h  st irnul i f r0r11  

one a n o t h e r .  F igur -e  1 i i l u s t r a t e s  o n e  5urh p i G 5 l b i l  i t  y. 

F i g u r e  1 a b o u t  h e r e  



F i g u r e  1 r e o r e s e n t s  a n  h y a c ~ t h e t  l c a l  e x a m p i e  i n  wnlch s e v e r a l  

a u t o s  h a v e  Deen r a t e 6  fc l r  t n e l r  s p e e a  and  b e a u t y .  I Y I  v i e w  elf t n e  

f a c t  t h a t  br-anus of a u t o s  g e n e r a l  i y  DroGuce a r a n n e  of m o d e l s  t h a t  

a r e  l i k e l y  t o  e x h i b i t  d i f f e r i n g  v a l u e s  CIYI t h e s e  t w o  d l m e n s i o n s ,  i t  

seems r e a s o n a b l e  t o  u s e  r e g i u n s  t o  d e p l c t  b r a n d s  s u c h  t h a t  e a c h  

r e g l o n  c a r r e s p o r t a s  to a b r a n d  name t h a t  r e f e r s  to s e v e r a l  r m d e i s .  

W h i l e  t h e r e  is a n  i n h e r e n t  a m b l g u l t y  a s s o c i a t e d  wlCh t h e  

r e s p e c t ~ v e  brand-names ~t is n o t  50 gr-eat t h a t  t n e  b r a n a s  are 

~ n d i s t i n g u i s h a b l e  f rom o n e  a n o t h e r .  ( F o r  s l n i ~ l l c l t ~ ,  we assurne 

t h a t  s p e e d  a n d  b e a u t y  a r e  o r t h c ~ g o n a i  attt-1 t ru tes ,  a l t h o u g n  t a i s  

a s s u r n p t i o v ~  1s n o t  n e c e s s a r y  t o  t h e  sys te rn  u n d e r  c o n s l o e r a t i o n .  

C l a s s i c a l  Muit  i d i m e n s i o n a l  Scal inq u s u a l l y  a s s u m e s  t h a t  t h e  

i n i t i a l  d i s s i m i l a r i t i e s ,  5 ,  J )  meet t h e  " t r i a n g l e  i n e q u a l i t y 1 '  

c o n s t r a i n t s ,  t h a t  is, s ( i ,  J ) +  s l i ,  m j  ) s ( j5  m )  f o r  a l l  v a l u e s  ef 

i ,  J and m. F o r  k s t i m u l i ,  a a t a  o f  t h i s  fiirrn c m p o s e  a E u c l  iaeat-I 

s p a c e  o f  a t  rmst k-! dimensions. 

When d a t a  f a i l  t o  meet t h e s e  c u r t s t r - d i n t s ,  a5 a a t a  f r o m  t n e  

psycho!og ica i  a n d  c u l t u r a l  s c i e n c e s  o f t e n  d o ,  t h e y  may s t i l l  D e  

r e p r e s e n t e d  ~ r t  t h e  5arfle g e n e r a l  fo rm,  b u t  i n  t h l s  c a s e  e a c h  pclirlt 

i n  t h ~  s p a c E  h a s  k- i  c o n r c f i n a t e  v a l u e s ,  u clf which  w i i l  D e  r e a l  

a n d  - of wnlcn w i  1 i b e  i r f la~ir tar-v .  ( h n e n  t n e  o l s s i r ~ ~ i  l a r - i t  les  

m a t r i x  is a l s u  a s y m m e t r i c ,  e a c h  o f  t h e  k - l  c c l o r a i n a t e s  w i  11  b e  

c . I : I ~ I I P ~ ~ ~ ,  but ' i n i s  c .ase  1s r ~ ~ t  C ' I T I Y ~ E ~ ~ E ~ ~ ' E U  :iet,e. j 



S e v e r a  1  w o r k e r s  n a v e  r-ecent  1 y c o n s 1  derea h u l  t i d  irfler~s 1 o n a i  

S e a l  ingi 1r1 p e n e r a l  Filermnn s o a c e s  (Preskcl ,  1378; Woe1 f e l  and 

b a r n e t t ,  19a2j. D a t a  f a i l  t h e  t r i a n g i e  i n e a u a l i t l e s  r u l e  when t w o  

pr-lints,  i and  J ,  are r e l a t i v e l y  c l o s e  t o  t h e  same t h l r d  p o i n t ,  nl, 

but are n o t  c l o s e  t o  o n e  a n o t h e r .  I n  Riernann s c a l i n g ,  t h i s  

d i s c r e p a n c y  is modeled  by a warped s p a c e  i n  which t h e  d i s t a n c e  

a e t w e e n  i and  J is n o t  m e a s u r e d  o n  a s t r - a i g h t  l i n e ,  b u t  a l o n g  a 

Q e a a e s i c  or " s t r a i p h t e s t  l i n e "  o n  t h e  c u r v e  o f  t h e  space b e t w e e n  I 

.I& 

a n d  . Riemann s o a c e s  h a v e  o e e n  s t u d i e d  c a r e f u l l y  by 

rmthernet l c l a n s  a n d  p h y s l c i ~ t s ,  and  s e v e r a l  u s e f u l  t r e a t m e n t s  may 

be  f ounG i n  t h e  p s y c n o r n e t r i c  1 iterat u r e  ( c f .  Wuel f e l  and  B a r n e t  t ,  

I%?) .  F u r t h e r -  i n v e s t  i pat ictrts a l o n g  t h e s e  1 i n e s  show g r e a t  

p r-or11 i se . 
However f e a s i b l e  s u c h  Riernarrnian s y s t e n l s  may be, ~ D D I  i e d  

s c i e n t i s t s  u s u a l  i y  f i n d  v i s u a l i z a t i o n s  o f  t h e  Riemannian  s p a c e  

d i f f i c u l t ,  a n d  t h i s  may s e r i o u s 1  y h i n o e r  s u b s t a n t i v e  d e v e i o p r n e n t s .  

The  major t h e s i s  o f  t h i s  p a o e r  is t h a t  f a i l u r e  t o  rneet t'ne 

t r i a rq ie  i n e q u a i ~ t y  c a n  o f t e n  b e  e x p l a i n e d  by r e ~ r e s e n t i r r q  t h e  

" s t i m u l i "  as k h y p e r s o h e r e s  of g i v e n  r a d i i ,  r a t h e r  t h a n  as  k 

p o i n t s ,  whose c e n t e r s  h a v e  r c c l o r d i n a t e s  i n  t n e  E u c l i o e a n  s p a c e  Fir. 

W i t h i n  t h i s  f ramework ,  a  s t i r n u i u s  is " l a r g e "  t o  t h e  e x t e n t  t o  

w h i c h  it c a n  P e  c l o s e  t o  s e v e r a l  other st i r n u l i  t h a t  are rrot ciose 

t o  one a n o t h e r .  I n  t y ~ r c a l  a p o l i e d  u s e s  o f  MDS, s t i n i u l i  o f t e n  

c o r r e s p o n d  t o  b e l i e f s ,  l d e a s  and t h e  l i k e ,  and  s t i r n u l i  t h a t  a r e  

faroe I n  t n e  s e n s e  o f f e r e d  h e r e  would c o r r e s p o n d  tcl s t i m u i i  o f  

g e n e r a i  roeau~lrrg? c-overinp a l a r - g ~  v o i  urne of  ~ s y c n o l o g i c a i  cw 



S c a l  l n ~  S t  irnu! i a s  Rer l o n s  I n  E u c l  l d l a n  S o a c e  

c u l t u r a l  s ~ a c e ,  wni l e  m a l l  st i m u l i  wctula r e p r e s e n t  i d e a s  of 

relat i v e i  y p r e c i s e  meaning.  

l n  communicat lcm n e t w o r k  s t u d i e s ,  w n e r e  d a t a  c t f t e r ~  c m ~ i s t  c ~ f  

f rea u e n c l  es o r  i n v e r s e  f r e q  u e r ~ c i  es o f  c o r n r ~ ~ u r ~ l c a t  i o n  arnon@ r~iembers 

of a grTi*ilrj o r  cwgarri z a t  i ~ m ,  sc1r11e i n d  i v i d u a i s  rnay c o r n r n ~ n l c a t  e 

f r e q u e n t l y  w i t h  t w o  o t h e r  i n d i v i d u a l s  whil c o m m u n i c a t e  l n f r e a u e n t l y  

w i t h  o n e  a n o t n e r .  Such  a p e r s o n  ni lght  t n e r e f c ~ r e  b e  ciose t o  t w o  

i n d i v i c l u a i s  who a r e  not c l o s e  t o  e a c h  o t h e r .  I n  t h e  model 

e l a b @ r a t e d  h e r e ,  s u c h  a p e r s o n  would  be d e s c r i b e d  as " l a r g e . "  

D a t a  i n p u t  i n t o  m u l t i d i m e n s i u n a l  s c a l i n g  a l g o r ~ t h r n s  f r e q u e n t i y  

c o n s i s t  of d i s t a n c e  or d i s s i m i  i a r i t e s  m a t r i c e s  w h i c h  h a v e  b e e n  

a v e r a g e d  o v e r  t h e  r e s p o n s e s  o f  r~iany s u b j e c t s .  When s u c h  d i s t a n c e s  

h a v e  b e e n  a v e r a g e d  across s e v e r a l  j u d g e s  i t  woula  be r e a s o n a b l e  to 

a r g u e  t h a t  " l a r g e "  c o n c e p t s  may be r e g a r d e d  a s  covering a n  

i r n p r e c i s e l  y d e f i n e d  j o i n t  c o n c e p t  i o n  -- t h a t  is, a c o n c e p t  is 

a m b i g u o u s  i n  t h e  s e n s e  that d i f f e r e n t  j u d g e s  may p e r c e i v e  it q u i t e  

d i f f e r e n t l y  fr-om o n e  a n o t h e r .  T h e  sane judge may also p e r c e i v e  a 

g i v e n  s ~ t  of objects as d i f f e r e n t  from o n e  a n o t h e r  a n  d i f f e r e n t  

c t c c a s i  ons. 

T ~ E  r e g i o n s  c o r r ~ e s o o n a l r 1 2 j  t o  st irnul 1 rnlqht a i s o  De l o ~ n t  i  fie^ 

w i t h  " f u z z y  sets" as  t h a t  term h a s  r e c e n t l y  b e e n  a r ~ i o l i f l e o  i n  

c e r t a i n  rnathernat i c a l  1 i t e r - a t w e .  I n  g e n e r a l  a 1  1 t n e  c a s e s  w e  h a v e  

r e f e r e n c e d  r e f e r  e l  t h e r  t o  arnbir jui t  y  i n  t he  meaning of  c o i - c e n t s  or' 

t o  dyrrarnic c h a r ~ g e  arronq c u n c e p z s  aC.r.cls5 t l r a e  o r  a c r o s s  

t - e s p o n a m t s .  Marly o f  the a o o l  iciit I n n s  o f  t h e  f u z z ) /  5e r  CCli - iCEDt  

slrni l a r l i y  d e a i  w l t n  ~ l t n e r -  a r~ ic l lg~ i l? ;y  o r 7  aynartl lc c n a n q e .  



i . 2 ,  met n u u s  

1r1 ~ t s  most g e r ~ e r - a 1  form,  t n e  t n e o r y  unoer  l v l n g  out- a o p r o a c h  

Dlaces n o  r-@strict l o n s  1 x 1  t h e  s l z e s  or- s h a o e s  of  t h e  s t 1 n l h i 1 .  LJe 

p r e s e n t  here a scli  ut l u n  tcl a more r e s r  i - l c t e c  muoel. Screci f l c a l  1 y ,  

t h e  s o l u t i o n  o f f e r e d  1s a p o r o p r l a t e  o t i l y  for d r s s l m l  l a r l i t e s  or 

d 1st a n c e  rflatrlces wn 1 c h  are svmmet r lc, and whose v a l  u e s  a r e  a 1  1 

p c ~ s i t  l v e .  We a s s u m e  t h a t  t h e  st ~ n i u l  I rtiay be r e p r e s e n t e d  a s  

h y ~ e r s p h e r - e s ,  n o t  hy o e r o o x e s ,  o r  o t h e r  c o m ~ l e x  m a n e s ,  s o  t n a t  t h e  

vo lume of  e a c h  r e o l o n  c a n  o e  c h a r a c t e r i z e d  by a  s i n g i e  ~ a r a m e t e r .  

T n e  e x ' t e r ~ t  te w h i c n  t h e s e  slrflpl i f y  lrrg a s s u m t  i o n s  a r e  a d e o u a t e  t o  

d l f f e r e r ~ t  s c a i l n ~  t a s k s  must b e  e s t a b l i s h e d  by e x p e r 1 n i e n t s  or! a 

case ny case b a s i s ,  b u t  out- i n i t i a l  s p e c u l a t i o n s  and sorne e x a r r i ~ l e s  

s u g g e s t  t h a t  d a t a  i n  which  the i n t e r s t  i rnu lus  d i s t a n c e s  ar-e iarge 

r - e l a t i v r  t o  t h e  s i z e s  o f  t i l e  s t i r n u 1  i s n o u l d  meet t h e s e  a s s u m p t i o n s  

t o  a r e a s o n a b l e  a D p r o x i m a t  101-1. 

The model  p r e s e n t e t i  h e r e  a s s u m e s  t n a t  different st imui i may b r  

r e @ r e s e n t e d  as c i  rclesr s n n e r e s ,  or h y n e r s a h e r e s  o f  v a r y i n q  rad i i ,  

arrc t h a t  t n e  o a s e r v e d  distances a e t w e e n  them, s (1, J i , a r e  s n o r - t e s t  

S I - r r face- to -sur - face  d i s t a n c e s .  ks F i ~ u r e  E i 1 i u s t r a t e s .  t h e s e  

o 1 s t a n c e s  would De srflal ler t n a n  t h e  c e n t e r  t o  c e n t e r  ~ i s t a n c e s  

s? (1, j )  by +;he surn of these r a o r  1 : 

Thus  l f  



S c a l i n g  S t  lmui  1 a s  R e g i o n s  rrt E u c i  l d i a n  Saace 

t h e n ,  

Une may a s s u m e  t h a t  a n y  fa; i u r e s  o f  t h e  trlanple l r t e q u a l  l t y  

r -e la t l r - tns  arnongj a set  of s t l r f l u i l  may be  a t t r r b u t e a  t o  v a r l a t  ions 

l n  areas nr volumes .  Thus, w e  m i p h t  assume t h a t  estimates of- t n e  

Glsslrnliarltes among a set of s t r r f l u l l  a e r l v e  fuor11 

s u r f a c e - - t o - - s u r f a c e  d l s z a n c e s  arflono h y ~ e r s n h e r e s  r e o r e s e r t t l n o  

5 t l r f l u l 1  r a t n e t -  t h a n  f r o m  c e n t e r - - t o - - c e n t e r -  a i s t a n c e s ,  ar~a t h a t  

t h l s  1r1 t u r n  w l i l  g e n e r a l i y  cause the  r e s u l t i n g  d l s s i m i i a r l t i e s  t o  

f a i l  t h e  t r i a n q l e  ~ n e q u a l i t i e s  relat Ion .  Rs s u g g e s t e d  a o o v e ,  1r1 

t h r s  case some o f  t h e  e i p e n v e c t o r s  of t h e  a o u b l e - - c e n t e r e d  s c a l a r  

p r o d u c t s  m a t r i x  d e r i v e d  from t n e s e  d i s s i m i i a r i t i e s  w i l l  b e  

irnaq i n a r y  ( f o r g e r s o n ,  1358, c h s p .  11 ) . 
I n  t h e  p r e s e n t  p a p e r ,  w e  d i s c u s s  t w o  s u c h  f u n c t  I o n s .  F u r  t n e  

f i r s t  a p p r o a c h  w e  p a r t  i t  i o n ,  t n e  s p a c e  i n t o  its real a n d  l n i a g l n a r y  

cornporrents. T h e  d i s t a n c e s  or o l s s l m i  lar-it  ies arnonq t h e  st iroui i 

w i t h i n  t h e  i m a g i n a r y  ea r t  o f  t h e  space are  c c l n s i o e r e d  In t h l s  

c w ~ t e x t  t o  be a s i m p l e  a d d i t i v e  f u n c t i o n  o f  t h e  r a o i i  of t h e  

s t i m u l i ,  s u c h  t h a t  



t h e n  u s l n q  s t a n a a r d  t e c h n l o u e s  (cf .  C a r r o l l  and  Pruza t i sny ,  198& o r  

Z l r ~ r i e s  iC NacKay, l383) it c a n  D e  shown t h a t  t h e  r - a d i l  may be 

est l rnated a s  

where D ( i )  d e n o t e s  t h e  sum of  the  s*(i,j) f o r  t h e  i t h  

s t i m u l u s  across j, and T is t h e  average o f  t n e  ( i i  across 1. 

n s e c o n d  a ~ p r o a c h  considered I n  t n l s  paDer 1s eauai i y  s lrnpie : 

we rnay a s s u m e  t n a t  t n e  d l s t a r ~ c e  e a c h  s t l r n u l u s  projects 1nCo t h e  

l rnagir iary ~ a r - t  o f  t n e  s o a c e  1s a f u r i c t l o n  of i t s  t -ao lus .  E s t  lrnates 

c f f  t:le r a d l l  1-IYIUE?' t n l s  assurnpt1cm f o r i s 1 5 t  sxmpiy  of r ;he  l e n g t n s  

of t h e  ~ ~ s l t l ~ r ~  v e c t o r s  o f  t h e  s t l r n u i l  1r1 t n e  l m a q l n a r y  o a P t  o f  

t h e  space, or 
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1.3. Examples  

D a t a  for t e s t i n g  c c l r ~ s l s t e d  o f  a r b i t r a r y  a r r a y s  of clr-cles of 

v a r y l n g  r a d l i  o n  t h e  p l a n e .  The number o f  circles i n  e a c h  a r r a y  

v a r i e a  frorn 4 t o  2121, w i t h   VIE s p a c e  o f  4 circies,  orre c ~ f  5 

circies ,  28 o f  6 clrcies, o n e  o f  7 circles, o n e  of 1@ circles, one 

of i4 clrcies and  7 .of 28 clrcles. 

Wi th  i n  e a c h  e f  t h e s e  e x a m p l e s ,  d i s t a n c e s  were m e a s u r e d  b e t  ween 

t h e  r e s p e c t x v e  Derlmerers of e a c h  D a l r  of  clrcles t o  t h e  n e a r e s t  

m i  1  i irneter-, a n d  e a c h  o f  t h e  r e s u l t  i n g  c o m p l e t e  p a i r - c u m p a r i s o n  

rnatr-zces were e n t e r e d  l n t o  t h e  G a l  i leo ( V e r s l o n  5.2) scal l n g  

program (Woe1 f e l  & F i n u ,  1988). The  Gal i leo s c a l i n g  p r o g r a m  

c o m p u t e s  a d o u b l e - c e n t e r e d  s c a l a r  p r o d u c t s  m a t r i x  (E*) f o l l o w i n g  

T o r g e r s o n  ( 1958, Chapt .  I , a n d  e x t r a c t s  a1 1 n o n - z e r o  

e i g e n v e c t  ors, b o t h  real  a n d  irnag i n a r y ,  by a n  i terat i v e  ~ ~ o c e d  we 

based o n  Van d e  Geer (1372). Each of these e l g e n v e c t o r s  is 

normal  izea t o  t h e  c o r r e s p o n d i n g  d i a g o n a l  e l e m e n t  of t n e  rnatr i x  b*, 

so t n a t  t h e  d i s t a n c e s  w l  t h  i n  t n e  r e s u l t  i n q  c o o r d  ~ r ~ a t e  s y s t e m  

c o r r e s p o n d  e x a c t  1  y t ct t h e  o r l p  i n a l  m e a s u r e d  d i s t a n c e s .  T h e  

c o e t - d i n a t e s  fr-orn t n e  G a l l i e o  o u t p u t s  s e r v e  a5 l n p u t  t o  t n e  

equations described above .  T r u e  r a a l i  were t h e n  r e g r e s s e d  o n  t h e  

 st l r f l a tes  p r o v i d e d  by t n e  e q u a t i o n s  d e s c r i b e d  above .  

C o r r e i a t  i c v ~ s  b e t w e e n  t h e  est irnates a n d  tI7e t r u e  r a d i  i are 

. p r e s e n t e d  i n  T a b l e  1. Fls t n e s e  f i g u r e s  snow, bchn rnetnoos work 

r - e a s o n a b i y  w e i  i i n  most  c a s e s ,  and  v e r y  we1 i lt-I sor~le  cases, 

a l t h o u q n  f o u r  c a s e s  e x i s t  In w h i c h  c u r r e l a t l o n s  be tween  tne  



estimated r a o ~  i arc the t r u ~  r7aali ar-e essent laiiy zero. Qt t n 1 5  

stage of our- l n v e s t  i pat 1 cln w e  have uncovereo no s y s t  emat i c r-eason 

why t h e  so lu t ions  s n o u i a  fall i n  these caseg. 
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Table 1: Corr-elat lons o f  Two Scliut ions w l t h  True Radii 

Ijat aset 

20 Cipcies ii) 
28 Circies ( 2 ,  
28 Circles i31  

28 Cir-cles ( 4 )  
28 Circles ( 5 )  
28 Circies i G j  

28 Circles i 7 j  
14 Circles 
112 Circles 
7 Circles 
€ Circles (1) 
6 Cir-cles ( 2 )  
6 Cir-cles ( 3 )  
b Circles ( 4 )  
C Circles (5) 
6 Circles (6) 
6 Circles ( 7 )  
C Circies (6) 
€ Circles (9) 
6 Circles (la) 
6 Circles (11) 
6 Circies (12) 
C Circles (13) 
6 Circles (14) 
6 Circles (i5) 
6 Circies (16) 
6 Circles (17) 
6 Circles (18) 
€ Circles (19) 
6 Circles ( 3 3 )  
5 Circles 
4 Circles 

Method I 



The p r e s e n t  a n a l  y s l s  s n o u l d  b e  c o n s i  t i e red  o r ~ l  y a pr-el l m i n a r y  

d i s c u s s i o n  o f  t h e  problem. The e x a r ~ i o i e s  c o n s i d e r e d  a r e  v e r y  

1 i r f l i t e d ,  b ~ t h  i n  number a n d  i n  scctpe. I i i l  e x a m p i e s  e x c e p t  o n e  

c u n s i s t  o f  circles i n  t h e  p l a n e ,  and  d a t a  s p a n n i n g  more t h a n  two 

d i m e n s i o n s  h a v e  n o t  been c o n s i d e r e d .  The  s l n g l e  e x c e p t  i o n  is t n e  

case r e f e r e n c e d  as  "14 C i r c l e s "  i n  T a b i e  I ,  and  i n  t h i s  c a s e  a l l  

t n e  p o i n t s  a r e ' a r r a y e d  i n  a  s t r a l g h t  l i r e .  R a d i i  r ecover -eo  i n  t h i s  

case m i g h t  we1 1 b e  c o n s i d e r e d  i n t e r v a l  est ir~iates r n t h e  

u n i d i m e n s i o n a l  s c a l  i n g  case, which  may b e  o f  s p e c l a l  i n t e r e s t  i n  

i t s e l f .  

S i n c e  s u c h  a 1 i m i  t e d  array c ~ f  p o t e n t  i a l  sol u t  ions h a v e  b e e n  

c o n s i d e r e d ,  we c a n n o t  r u l e  out t h e  possi b i  1 i t  y t h a t  a  s u p e r i o r  

s o l u t i o n  e x i s t s ,  b u t  t h e  l e v e l  of r e c o v e r y  o f  r a d i i  i n  rnost cases 

is p r o b a b l y  good enough  i n  t h e  p r e s e n t  c a s e  t o  b e  o f  sor11e 

5 t I b s t a n t  i v e  u s e  t o  a p p l  i e d  i r r v e s t  i g a t  curs. 



Flgure 1. Soeed anti B e a u t y  of Seiected Qutos 
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