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1.1, The Probiem

Wnile numerous Multidimensional Secaling Frocedures have been
developed over the past several years, all of them share a Ccommon
asswnption: that each of the cblects or "stimuli® to be scaled wmay
be represented as & point in space. While différent workers have
presentec a variety of assumptions about the topological
properties of the space, few have guestioned the assumptiorn about
the point—-like character of the stimuli themselves.

However commov this assumption may, De, it is rneither necessary
rigr even compelling in many circumstances. In the classical
examnple of sealing color terms, for example, it is clearly
‘inapprapriate toa represent the rangé of the spectrum dencted by
the English terms "yellow” or "blue" as points, since it is well
kriown that these terms refer to a line—-—segment oﬁ the color
‘gpectrum. 8Similarly, in a& political scaling exercise, terms such
as "the Democratic Party" mignt well be thounnt of as sparming
some 1o ——zerobdistance along, for example, a liberal-conservative
continuum. For the case in wnicnh stimuli of tnis kinoc are
displayed alang'multiple dimemsions,‘tne sets of line-sepments
that correspond to tne coordinates o tnese dimensions will
generally intersect to form regions that distinguish stimuli from
ore ancther. Figure ! illustrates one such possibility.

Figure 1 about here
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Figure 1 represents an hypothetical example in wnhich severai
autos have been rated for thelr speed and beauty. In view of tne
fact that brands of autos generally procuce a range of models that
afe likely to exnhibit differing values on these two dimensions, it
seems reasonable to use regions to gepict brands such that each
region carrespénds tc a brand name that refers to several models.
While there is an inherent ambipguity associated witn the
respective brand-names it 1s not so great that the brands are
indistinguishable from one another. (For simplicity, we assune
that speed and beauty are orthogﬁnal attributes, although this

assumption 1s not necessary to the system unger consioeration.)
1.1.1, Nor—euclidian models

Classical Muitidimensicnal Sealing usually assumes that the

initial dissimilarities, s(i,3) meet the "triarngle ineguality”

constraints, that is, s{i, )+ s{i,m) » s{j,m) for all wvalues of

i,g and m. For k stimuli, data of this form compose a Eucliaean
space of at most k-! dimensions.

When data fail +to meet these constraints, as cata from tne
psycholopical andg cultural sciences often dﬁ, they may still be
representeg 1in the same general form, but in this case sach point
in the spacevhas k~1 coordinate values, p of which wiil bpe real
ang 'r?n of wnicn will be imaginary. {Wnern the dissimilarities
matrix is alsc asymmetric, each of thg k=i coordinates will  be

complex, but this case 1s not CoONSidEred NEYe. )
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Several workers hnave recently considered Multidimensional
Scaling in perneral Riemarn spaces (Piesko, 13783 Woelfel and
Barrett, 15982). Data fail the triangle irnecualities rule when two
points, 1 and ), are relatively close to the same thaird point, m,
put are riot close to one ancther. In Riemarmn scaling, this
discrepancy is modeled by a warped space in which the distance
betweern 1 and 3 is rnot measured on a straight line, but along a
gecdesic or "straiphtest line” on the curve of the space betweer i
and 3. Riemarm SD;;;S have peer: studied carefully by
mathemeticians and physicists, and several useful treatments may
be found in the psychometric literature (of. Woelfel and Barnett,
1982). Further invéstigatians along these lines show oreat
promise.

However feasible such Riemarmian systems may be, applied
scientists usually find visualizations of the Riemanmian space
difficult, and this may seriously hinder substantive developments.

The major thesis of this paper is that failure to meet the
triangle inequality can often be explained.by representing the
"stimuli® as k hyperspheres of given radii, rather than as k
points, whose centers have r coordinates in the Eurligean space R.

Withirn this framework, a stimulus is "larpe" to the extent tq
.which 1t carn be close teo several cther stimuli that are not close
to one ancther. In typical-apnlied uses of MD5, stimuli often
correspond to beliefs, i1deas and the like, and stimuli that are
larpe in the sense offered here would correspond to stimuli of

general meaning, covering & large volume of psyecnolopical or
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cultural space, while _small stimuli would represent 1geas
relatively precise meaning.

In commurncation network studies, wnere data often consist  of
freguericies or inverse freguencies of coﬁmunlcation amano members
of é group  or  organizatiom, some individuals may commurilcate
frequently with twa other individuals who communicate infreguently
with one anctner. Such a person might tnerefore be close to two
individuals who are nrot close to each other. In the model
elaporated here, such & persch would be described as "large,”

Dats input into multidimensioﬁal scaling algorithms frequently
Consist of distance or dissimilarites matrices which have been
averaged over the responses of mény subjects. When such distances
have beern averapned across several Judges it would pe reasonable to
argue that “large" concepts may be reparded as covering an
imprecisely definéd Jaint conception —— that is, a corncept is
ambiguous in the sense that different Judpes may perceive it guite
differently from one ancther. The same judne may also perceive a
given sst of objects as different from ocne another on different
cccasions.

The regions corvesponging to stimula might also pe ioentifiec
with "fuzzy sets" as that term has recently bpeen amplifiec in
certain mathematical. literature. Ivn general all the cases we have
referenced refer either to ambiguity in the mearnnp of concepts or
to gdynamic change / amcng CoOTMCePIE  across  Time  or  across
responaents.  Many of the applications of the fuzzy ser concept

zamiiarily deal with eitner ambigulty or gynamic chance.
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i.2,. metnoge

in 1ts moest gerneral form, tne theory unoerlying ocur aoproach
places no restrictions on the sizes or shapes of the stimuii. We
present nere a sclution o a more restrictec model. Swecifically,
the soclution offered 1s appropriate only for dissimilarites or
distance watrices wnich are symmetric, and whose values are all
positive. We assume that the stimuli may be represented as
nyperspheres, not hyperpoxes, or other complex shapes, so tnat the
volume of each repron can be characterized by a single parameter.
Tne extent to which these simplifying assumptions are adeguate to
different scaline tasks must be established by experiments on &
case py case basis, but ocur initial speculations and some examples
supgpest that data iﬂ which the interstimulus distances are large
relative to the sizes of the stimuli should meet these assumptions
to a reasonable approximation.

The model presentec here assumes that different stimulil may be
represented as circles, spheres, or hynerspheres of varying radii,
antc that ine cpserved distances between them, s{i,j), are shortest
surface-to-surface distarmces. As Figure £ illustrates. these
gistances would bpe smaller than the center to center cistances

s (i, 3) by the sum of these ragii:

s’ (1,17 = s{1,3) + r{i) + r(3).

Thus if
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s* (1,1} = r{i) + r(3},
ther,

5’(1,j) = s5{i,1) + s%{i, j).

Ore may assume that any failures of the triample inequality
relations among a set of stimuli may be attributed foc variations
in areas or volumes. Thus, we might assume that estimates of tne
dissimilarites awmong a set of stimuli derive from
surface-~to—-surface distances among hyperspheres Pepresentlng
stimuli rather than from center-—to-—center distances, and that
this in turn will generally cause the resulting dissimilarities to
fail the triangle inequalifies relation. As sugpested above, in
this case some of the eigenvectors of the double-—centered scalar
-Qvoducfs matrix . derived from tnese dissimilarities will be
imaginary (Torgerson, 1338, chap. 11).

In the present paper, we dis:ﬁss twoe such functions. For the
first approach we partition the space into ite real and iﬁag1hary
components. The distances or dissimilarities among the stimulil
within the imaginary part of the space are consiocered 1n this.
context te be a simpie additive function of the racii of the

stimuli, such that

8%{1,3) = r{1) + r{3), 1Ti,...,R} JF1+l,...,K.
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wnere s¥{i,3) = tne ansclute Oistances among the stimull
iv the imaginary part of the space, anc

r(i) & r{3) = tne radiz of the 1tn anc J1tn stimul:

thern using stangard techwnioues (cf. Carrcll anc Pruzansky, 19806 or

Zirmes & MacKay, 1383) it rcan be shown that the radii may be

estimated as

ri{i) = (D) = (1/0k—-1DTH/Lk-R21, i = 1,..4k.

where D{i) denctes the sum of the s*(i, 3) for the ith

stimulus across 3, and T is the averape of the D{(1) across i.

A second approach considered in this paper is egually simpie:
we may assume that the distance eacth stimulus projects into the
imapinary part of the space is a function of its radius. Estimates
of the radii unoer tnis assumption consist simply of the lengtns
of the position vectors of the stimuli in tnhne 1maginary part of

the zpace, or

1) = sart (r(i, 1)¥%¥Z), i=p+l,...,.r.
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“1. 3. Examples

Data for testing consisted of arbitrary arrays of circles of
varying radii on  the plane. The rumber of circles in each array
varied from 4 to 28, with one space of 4 rcircles, one of B
circles, 2@ of & circles, one of 7 circles, one aof 1@ circles, one
of 14 circies and 7 of 2@ circles.

Within each of these examples, distances were measurec between
the respective perimeters of each pair of circles to the nearest
millimeter, and each of the Pegulting complete pair-comparison
matrices were entered into the Galileo (Version S.2) scaliﬁg
pyogram (Woelfel & Fink, 1988). The bGalilec scaling program
computes & double—centered scalar products matrix  (B¥)  following
- Torgerson (1958, Chapt. i1, ard extracts all non—zero
eigenvectors, both real and imaginary, by an iterative procedure
based on Van de Geer (1372). Each of these eigenvectors is
rormalized to the corresponding diaponal element of the matrix B,
s that the distances within the resulting coordinate system
correspond  exactly to the original measured distances. The
coordinates from the BGalileo outputs serve as input to the
equations described above. True radii were ther regressed on  the
estimates provided by the equations described above.

Correlations betweer the estimates and the true radii are
. presented 1n Table 1. As these figures snow,vboth metnods work
reasonably well in most cases, and very well in some cases,

aithougn four cases exist in which correlations bDetween the
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estimated racil anc the true radii are essentially zero., At tnis
stage of owr 1rnvestipation we have uncovered no svstematic reason

why the sclutions snould Tail in these cases.
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Taple 1:

Dataset
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1. 4. Discussion

The present analysis should be considerec only a preliminary
discussion of the problem. The examples considered are very
limited, both in rumber and in scope. A1l examples except one
consist aof circles in the plane, and data spanning more tharn two
dimensicns have not been considered. The single exception 1s  the
case referenced as "14 Circles" in Table 1, and in this case all
the points are arrayed in a straight line. Radii recovereo in this
case minht well be considered interval estimates in  the

urndimensional scaling case, which may be of special interest in

itself.

Since such a limited aw#ay of potential sclutions bhave been.

considered, we carnmcot rule out the possibility that a superior
solution exists, but the level of recovery of radii in most cases
is probably ogood encugh in the present case to be of some

substartive use to applied investigators.
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Fipure 1. Speed and Beauty of Selected Autos
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Figure 2. Distances Among Stimunlil of Varying Radiza
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Figure 1. Speed and Beauty of Three futos
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